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The purpose of this paper is to realize the $\mathrm{B}\mathrm{a}\mathrm{n}\mathrm{a}\mathrm{c}\mathrm{h}\sim \mathrm{T}\mathrm{a}\mathrm{r}\mathrm{s}\mathrm{k}i$ paradox on $\mathbb{Z}^{2}$ . Ordinary Banach-Tarski
paradoxes are the followings:
Banach-Tarski paradox for Euclidean spaces,
$n\geqq 3$ : an integer,
$U$ , $V\subseteqq \mathbb{R}^{n}$ : $bdd$, int $U\neq\emptyset_{f}$ int $V\neq\emptyset$
$\Rightarrow\exists l$ : a positive integer such that
$U$ and $V$ are $SG_{n}(\mathbb{R})$ -equidecomposable using $\ell$ pieces (denoted by $U$ $V$), $\mathrm{i}.e.$ ,
$\sim\ell$
$SG_{n}\{1\mathrm{R})$
$\exists\{U_{0}, U_{1}, \ldots, U_{t-1}\}$ : a partition of $U$
(that is, $U=\cup U_{i}f-1$ and $Ui\cap Uj=\emptyset$ fo $i\neq j$),
$:=0$
$\exists\{V_{0}, V_{1}, \ldots, V_{\ell-1}\}$ : a partition of $V$ such that
$U_{i}\approx V_{\dot{\mathrm{z}}}SG_{n}(\mathrm{R})$ for i $=0,$ 1,\ldots , $\ell-1$
(that $\iota s_{l}\exists\gamma_{l}\in SG_{n}(\mathbb{R})$ such that $\gamma:(U_{i})=V_{i}$),







d $\mathrm{d}\mathrm{i}\mathrm{v}\mathrm{i}\mathrm{d}\mathrm{e}arrow$ ... ... . reconstruct
$non- measurablesetsnon- meas\overline{u}^{1}rableB_{U_{l-1\vec{\gamma l-1}}}\mathrm{m}\mathrm{o}\mathrm{v}\mathrm{e}\alpha_{V_{\ell}}$
sets
Banach-Tarski paradox for plane.
$U$ , $V\subseteqq \mathbb{R}^{2}$ : $bdd$, int $U\neq\emptyset$ , int $V\neq\emptyset$
$\Rightarrow\exists\ell$ : a positive integer such that $U$ $V$ ,
$\sim\ell$
$SA_{2}(\mathrm{R})$
















Example of an element of $SA_{2}(\mathbb{R})$ .
$arrow$
$\vdash+$
The author is considering the Banach-Tarski paradoxes on denurnerable sets of Euclidean spaces or
denumerable sets of the sphere of the Euclidean spaces, because we do not have to use the axiom of choice
to prove them. The following is one of them:
Hausdorff decomposition for lattice points in plane (Main theorem).
$\mathbb{Z}^{2}$ has a $\mathit{3}A_{2}(\mathbb{Z})$ -Hausdorff decomposition, $i.e$, there exists a partition $\{P, Q, R\}$ of $\mathbb{Z}^{2}$ $sech$ that
$P\approx Q\approx R\approx P\cup Q\approx Q\cup R\approx R\cup PSA_{2}(\mathrm{Z})SA_{2}\langle \mathbb{Z}$
} $SA_{2}(\mathbb{Z})SA_{2}(\mathrm{Z})SA_{2}(\mathrm{Z})$
’
where $SA_{2}(\mathbb{Z})=$ { $\gamma$ : $\mathbb{Z}^{2}arrow \mathbb{Z}^{2}$ : an affine transformation with determinant +1} (by S.).




Let $F_{3}$ be the group generated by three transformations of $SA_{2}(\mathbb{Z})$ :
$\alpha$ : $(\begin{array}{l}xy\end{array})\succ+$ $(\begin{array}{ll}1 44 17\end{array})(\begin{array}{l}xy\end{array})$ $+$ $(\begin{array}{l}15\end{array})$ ,
$\beta$ : $(\begin{array}{l}xy\end{array})\vdash+$ $(\begin{array}{ll}9 204 9\end{array})(\begin{array}{l}x?/\end{array})$ $+$ $(\begin{array}{l}73\end{array})$ ,
$\gamma$ : $(\begin{array}{l}xy\end{array})\vdash+$ $(\begin{array}{ll}17 44 1\end{array})(\begin{array}{l}x?/\end{array})$ $+$ $(\begin{array}{l}51\end{array})$ .
47
Then, $F_{3}$ is a free group of rank 3, i.e., any non-trivial words in $\{\alpha^{-1}, \beta^{-1}, \gamma^{-1}, \alpha, \beta, \gamma\}$ without the form
\ldots
$\lambda^{-1}\lambda$
\cdots is not equal to the identity
id : $(\begin{array}{l}xy\end{array})$ }$arrow(\begin{array}{ll}1 0\mathrm{o} 1\end{array})(\begin{array}{l}x?/\end{array})$ $+$ $(\begin{array}{l}00\end{array})$ ,
and each non-identical element of $F_{3}$ has no fixed point in $\mathbb{Z}^{2}$ . We can make a partition $\{\tilde{P},\tilde{Q},\overline{R}\}$ of $F_{3}$
according to thle figure below:
$\mathrm{i}\mathrm{d}\in\overline{P}$
$\bigcup_{\gamma^{\pm 1}}^{\overline{Q}}J_{\pm 1}^{1}\beta^{\pm}J_{\alpha}\alpha^{\pm 1}\backslash \backslash ^{\gamma^{\pm 1}}\bigcup_{\beta^{\pm 1}}^{\tilde{R}}$
(e.g., id $\in\tilde{P}$ , $\gamma\in\tilde{R}$ , $\beta\gamma\in\tilde{R}$ , $\gamma^{-1}\beta\gamma\in\tilde{P}$ , $\alpha\gamma^{-1}\beta\gamma\in\tilde{Q}$ , . . ). Then, $\alpha(\tilde{P})=\tilde{Q}\cup\tilde{R}$, $\beta(\tilde{P})=\overline{Q}$ , and







then we have $\alpha(P)=Q\cup R$ , $\beta(P)=Q$ , and $\gamma(P)=R$ . $\square$
The Hausdorff decomposition on $\mathbb{Z}^{2}$ is realized a follows:
Computer program.
We can make three sets of Hausdorff decomposition P, Q, and R step by step, by well-ordering of $F_{3}$ and
$\mathbb{Z}^{2}$ :
$w<w’\neq\Leftrightarrow\# w<\#\mathrm{t}w’$ or ( $\# w$ $=\# w’$ artd $\exists_{w_{0},\lambda,\lambda’,w_{1},w_{1}’}\mathrm{s}.\mathrm{t}$ . $w=w_{0}\lambda w_{1}$ , $w’=w_{0}\lambda’w_{1}’$ , and $\lambda<\lambda’$ )$\neq$ ’
with $\alpha^{-1}\neq<\beta^{-1}\neq<\gamma^{-1}*\neq\beta\neq<\alpha<<\gamma$,
$(x, y)\neq<(x’, y’)\Leftrightarrow|x|+|y|\neq<|x’|+|y’|$ or ( $|x|+|y|=|x’|+|y’|$ and $\theta<\theta’$ )$\neq$ ’













































$\triangle \mathrm{O}$ $-\mathrm{O}\mathrm{O}\mathrm{O}\mathrm{O}\triangle \mathrm{O}\mathrm{O}\mathrm{O}\theta \mathrm{O}\mathrm{O}\mathrm{O}\mathrm{O}$ $\mathrm{O}\mathrm{O}$
$\triangle\theta$ OOOOOOOOOOOOOOO OOO
OO OOOOOOAOOOOOOOOOO OO










$\triangle\triangle\triangle\triangle\triangle$ OOOOOOOOOOOO OOOOOOOOO OOOOOO
$\triangle$ $\mathrm{O}\triangle \mathrm{O}$ OOOOOOOOOAOOOOOOOO OO $\mathrm{O}$
$\mathrm{O}5^{\rangle}$ OOOOOOOOOOOOOOOO OO














[BT] Banach, S. and A. Tarski, Sur la dicomposetion des ensembles de points en parties respectivernent congruentes, Fund.
Math. 6 (1924), 244-277.
[8] Sat6, K., A free group acting on $\mathbb{Z}^{2}$ without fixed points, Enseign. Math. 45 (1999), 189-194.
[V] von Neumann, J., Zur allgemeinen Theorie des Mafies, Fund. Math. 13 (1929), 73-116.
[W] Wagon, S., The Banach-Tarski Paradox, Cambridge Univ. Press, Cambridge-New York, 1985.
SAT\^O, Kenzi
DEPARTMENT OF MATHEMATICS, FACULTY OF ENGJNEERING, TAMAGAWA UNIVERSITY
6-1-1, TAMAGAWA-GAKUEN, MACHJDA, Tokyo 194-8610, JAPAN
$E$-mail address: $\mathrm{k}\mathrm{e}\mathrm{n}\mathrm{z}\mathrm{i}\Phi \mathrm{e}\mathrm{n}\mathrm{g}$ .tamagawa. ac.jp
